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Abstract 

We review the concept of the (anomalous) Poisson-Lie symmetry 
in a way that emphasises the notion of Poisson-Lie Hamiltonian. The 
language that we develop turns out to be very useful for several ap- 
plications: we prove that the left and the right actions of a group 
G on its twisted Heisenberg double {D, k) realize the (anomalous) 
Poisson-Lie symmetries and we explain in a very transparent way the 
concept of the Poisson-Lie subsymmetry and that of Poisson-Lie sym- 
plectic reduction. Under some additional conditions, we construct 
also a non-anomalous moment map corresponding to a sort of quasi- 
adjoint action of G on (D,k). The absence of the anomaly of this 
"quasi-adjoint" moment map permits to perform the gauging of de- 
formed WZW models. 



1 Introduction 



Poisson-Lie symmetry [15] is the generalization of the ordinary Hamilto- 
nian symmetry of a dynamical system and, upon quantizing, it becomes the 
quantum group symmetry. Many dynamical systems can be deformed in 
such a way that their ordinary symmetries become Poisson-Lie. Among such 
systems there is also the standard WZW model [17] where the loop group 
symmetry gets deformed [9]. The principal goal of the present work is to 
develop the theory of gauging of the deformed WZW model. 

Prom the mathematical point of view, the problem amounts to identify non- 
anomalous Poisson-Lie subsymmetries of the deformed WZW model which 
would permit to perform the gauging. In order to describe the Poisson- 
Lie analogue of the WZW vanishing anomaly condition [18], first we shall 
have to develop appropriate mathematical tools. It particular, it turns out 
that the standard definition of the Poisson-Lie symmetry (i.e. the action 
map G X M ^ M is Poisson) is too rough since it is unable to distinguish 
between non-anomalous and anomalous symmetries. For this reason, we shall 
refine the standard concept of the Poisson-Lie symmetry and propose its new 
definition based rather on the Poisson-Lie structure on the cosymmetry (or 
dual) group B than on the symmetry group G. We are fully aware that the 
language that we develop is not quite standard in the Poisson- (Lie) geometry 
but we find it well adapted for our discussion of anomalies and we also believe 
that it may constitute an insightful alternative in treating the Poisson-Lie 
symmetric systems in general. 

The central object of our investigations will be a class of Poisson manifolds 
introduced by Semenov-Tian-Shansky under the name of twisted Heisenberg 
doubles [16]. As it was conjectured in [9] and showed in [11], particular 
elements of this class play the role of the phase spaces of the deformed WZW 
models. This also means that results obtained in full generality for any 
twisted Heisenberg double will also hold for any deformed WZW model. 

In order to present in this introduction the principal ideas and results of our 
work, we first expose two main definitions and three main theorems proved 
later in the body of the paper. 

Definition 1 : Let M be a symplectic manifold whose algebra of smooth 
functions Fun{M) is equipped with a Poisson bracket {.,.}. Let 5 be a 
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Poisson-Lic group and let ;U : M — * i? be a smooth map. To every function 
y G Fun{B) we can associate a vector field w^ijj) G Vect{M) as follows: 

My)f = {f,f^*iy')}f^*iS{y")), y e Fun{B)je Fun{M). 

We say that reahzes the Poisson-Lie symmetry of M if the map is 
homomorphism of the Lie algebras Fun{B) and Vect{M). If, moreover, the 
map is Poisson, we say that the symmetry is equivariant or non-anomalous. 

Definition 2 : Let D be an even-dimensional Lie group equipped with a max- 
imally Lorentzian bi- invariant metric. If Lie(D) — Lie(G) + Lie{B), where 
G and B are maximally isotropic subgroups, D is called the Drinfeld double 
of G or the Drinfeld double of B. Let k be a metric preserving automorphism 
of D and suppose that there are respective basis T* and ti {i = 1, ...,n) of 
Q = Lie{G) and B — Lie{B) such that 

Then the (basis independent) expression 

{/i, /2}d = Vf./iVj/2 - V^(,^)/iV^(^.)/2, /i, /2 G Fun{D) 

is a Poisson bracket and the Poisson manifold {D, {., .}r)) is called the twisted 
Heisenberg double. 

Theorem 1 : Let D be a twisted Heisenberg double which is also decompos- 
able, i.e. such that two global unambiguous decompositions hold: D — 

k{B)G and D = k{G)B. Consider (smooth) maps Al,Aji : D ^ B, 
Er, El : D ^ G respectively induced by these two decompositions. Then it 
holds: 

a) The Poisson manifold {D, {., .}/)) is symplectic. 

b) Both maps Ax, and Aji realize the (anomalous) Poisson-Lie symmetries of 
the symplectic manifold {D, {., .}d)- The corresponding symmetry group is 
G acting as 

h>K^K{h)K, heG, KeD 

or, respectively, as 

h\>K = Kh-\ heG, KeD. 
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Theorem 2 : Let D be a decomposable twisted Heisenberg double such that 
the twisting automorphism k, preserves the subgroup B. Construct two new 
maps Bl : D ^ B and Bji : D ^ B as follows 



Bl{K) = k{Kl{K))Kr{K), Br{K) = k-\Kr{K))Kl{K), K e D. 



Then it holds: Both maps Bl and Br are Poisson and they realize the 
(non-anomalous) Poisson-Lie symmetries of {D, {., .}d). The corresponding 
symmetry group is G acting as 



Theorem 3 : Let D be a decomposable twisted Heisenberg double, k an au- 
tomorphism of D preserving B and N a normal subgroup of B. Denote 
by C the factor group B/N, by p the natural homomorphism B ^ C and 
by Pk : Lie{D) — > Lie{B) a projector on Lie{B) with kernel K,{Lie{G)). 
Suppose that the Hopf subalgebra p*{Fun{C)) of Fun{B) is also a Poisson 
subalgebra. Then it holds: The composed map i/r = p o Ar realizes the 
Poisson-Lie symmetry of D and the corresponding symmetry group H is the 
subgroup of G. If, moreover, P^[Lie{H)) C Lie{N) then the moment map 
ur is non-anomalous. 

Apart from these three theorems, we prove two more propositions (Lemma 3 
and Lemma 4) enlarging the story to the non-decomposable twisted Heisen- 
berg doubles. The formulations of those additional Lemmas require intro- 
duction of several new concepts therefore, for the sake of conciseness of this 
introduction, we shall expose them only in Section 3.3. 

The principal field of applications of our results is the theory of non-linear a- 
models which are two-dimensional field theories describing the propagation of 
closed strings on a Riemannian manifold T. The manifold T is often referred 
to as the target space and it comes also equipped with a closed 3-form H. 
The classical action for a closed string configuration x'^(cr, r) reads 



h> K = K{h)KER{n[hAL{K)]), 



heG, K eD, 



or, respectively, as 



h>K^ K[El\A-^\K)h-^)]Kh 



-1 



heG, K eD. 
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where a is a periodic loop parameter, r the evolution parameter, a;^ are 
coordinates on T, G^y are the components of the Riemannian metric and 



d± = dr± da- 



It should be noted that the configuration x^{a, r) is extended to a configura- 
tion defined in the volume V whose boundary is the surface of the propagat- 
ing closed string and x*H is the pull-back of the i7-potential to this volume 
V. A detailed explanation why the variational principle based on the action 
S does not depend on the ambiguity of the extension of x is given e.g. in 
[17, 6, 12]. The prominent example of the non-linear cr-model is the WZW 
model for which the target space is the compact group manifold K equipped 
with the standard Killing-Cartan metric (., .)jc- Its action reads 



Swzw[9{<y,r)] = - / dadT{d+gg \d_gg ^)ic+j7; / (to ^^99 \dgg 



Let 5" be a subgroup of K and let A±{a,T) be two Lie(5')-valued fields. 
The gauged K/ S WZW model is then a dynamical system described by the 
following classical action 



The action Sgwzw is invariant with respect to gauge transformations 

g{a,T) s'''^(a,T)g(a,T)s(a,T), 

A±ia, t) s~^{a, r)A±(cr, T)s{a, r) - s~^{a, T)d±s{a, r), 
where s{a, r) takes values in the subgroup S. 

(Gauged) WZW models are dynamical systems whose phase spaces arc sym- 
plectic manifolds. We shall show in Section 4, that their symplectic struc- 
tures coincide with those of (gauged) twisted Heisenberg doubles. Actually, 
the twisted Heisenberg doubles underlying the ordinary WZW models are 
very special in the sense that the symmetry group G is the loop group LK 
and the cosymmetry group B is Abelian. If we consider also doubles with 
non-Abelian B, we are very naturally led to more general theories which we 





SGWZw[9{cr, t), A±(cr, r)] = Swzw[9{cr, + 



+ 
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call the deformed WZW models. Let us now explain the meaning of the 
Theorems 1,2 and 3 in the WZW context. 

If B is Abelian, the Theorem 1 says that the ordinary WZW models enjoy 
two anomalous chiral symmetries respectively given by the (twisted) left 
and ordinary right multiplications by elements of the loop group LK. If B 
is non-Abelian, the deformed WZW models still have two anomalous chiral 
Poisson-Lie symmetries. Theorem 2 says that the left and right moment maps 
Al, Aji can be combined into the non-anomalous moment maps Bl, Bji. For 
B Abelian, this new moment maps are equal to each other and they generate 
the adjoint action of G on the target space of the a- model. This adjoint 
action is non-anomalous and serves as the base of the standard vector gauging 
of the WZW model leading to the gauged K/ S WZW model described above. 
However, if B is non-Abelian, the moment maps Bl and Br do not coincide 
and we have two different non- anomalous quasi- adjoint actions of Theorem 
2 which can be consistently gauged. Finally, the Theorem 3 explains under 
which conditions the chiral subsymmetries may become non-anomalous and 
can be consistently gauged. As an illustration, we devote an entire Section 
4 to a very explicite construction of a particular new deformation of the 
ordinary WZW model (which we call the w-deformation) and work out in 
detail its deformed vector gauging. 

The paper is organized as follows: In Section 2, we present the discussion 
of the concept of the Poisson-Lie symmetry, we explain motivations for the 
Definition 1 and we prove the Theorem 1. Then in Section 3.1 and 3.2, we 
respectively prove the Theorems 2 and 3 and, in Section 3.3, we expose the 
theory of the non- decomposable doubles. In the section 4, we construct the 
u-deformed WZW model and perform its Poisson-Lie gauging. We finish 
with short conclusions and an outlook. 

2 Twisted Heisenberg double 

The presentation of this Section extends that of [11]. In particular, we give 
full proofs of the statements listed in [11], and, moreover, we are more general 
concerning the properties of the twist k of a double D. 
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2.1 Lie groups in a dual language 

Let B he a Lie group and Fun{B) the algebra of functions on it. It is well 
known that the group structure on B gives rise to a so called coproduct 
A : Fun{B) Fun{B) Fun{B), the antipode S : Fun{B) Fun{B) 
and the counit £ : Fun{B) R given, respectively, by the formulae 

Aa;(6i, 62) = x\hi)x"{h2) = xihh), S{x){h) = x{b-'), e{x) = x{eB). 

Here x e Fun{B), 6, 61, 62 G B, is the unit element of B and we use the 
Sweedler notation for the coproduct: 

Ax^J2^'a^ ^'L = X' ® x". 

a 

The Lie algebra ;B of is defined as the set of £-derivations of Fun{B), i.e. 

B^{S: Fun{B) R, S{xy) = e{x)S{y) + e{y)S{x)}. 

The Lie bracket on B is defined as follows: 

[5u52]{x) = 5i{x')52{x") - S,{x")52{x'). 

This definition of the Lie algebra B is of course equivalent to a more standard 
one presenting B as the set of right-invariant vector fields. In order to connect 
two definitions, consider a map 0^ : Fun{B) Q^{B) (the map (f)^ thus 
goes from functions into 1-forms on B) defined by 

= dx'S{x"). 

Note that the 1-form is automatically right- invariant therefore the 

canonical pairing of a right-invariant vector field v with 0^ (x) defines a map 
5^ : Fun{B) R: 

5^{x) =<v,(l)^{x) > . (0) 

The map is indeed the ^-derivation due to the following property of the 
map (j)^: 

On the other hand, every £-derivation 5 defines a right-invariant vector field 
which acts on x e Fun{B) as follows: 

V^x = S{x')x". 
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Consider now a Poisson-Lie group B, i.e. a Lie group equipped with a Poisson 
bracket {■,-}b satisfying 

A{x,y}B^{x',y'}B^x"y" + x'y'^{x",y"}B, x,y e Fun{B). (1) 

It is not difficult to prove tfiat tfie property (1) implies 

S{{x, y}B) = -{S{x), S{y)}B, x,y e Fun{B) (2a) 

e{{x, y}B) =0, x,ye Fun{B). (26) 

Denote by B* the linear dual of the Lie algebra B = Lie{B). The Poisson-Lie 
bracket {-, -Is induces a natural Lie algebra structure [.,.]* on B*. Let us 
explain this fact in more detail: First of all recall that B* can be identified 
with the space of right-invariant 1-forms on the group manifold B and we 
have the natural (surjective) map 4>^ : Fun{B) —>■ B* defined by 

cl>^{y)^dy'S{y"), y E Fun{B). 

Note that the 1-form (p^ly) is right-invariant therefore it is indeed in B*. Let 
U,V e B* and x,y e Fun{B) such that U = (p^{x) and V = <p^{y). Then 
we define 

[C/,y]* = 0^({x,y}s). (2c) 

It is the Poisson-Lie property (1) of {-, -Is which ensures the independence 
of [[/, V^]* on the choice of the representatives x^y. In what follows, the 
Lie algebra {B* ^ [., .]*) will be denoted by the symbol Q and G will be a 
(connected simply connected) Lie group such that Q — Lie{G). Wc note 
that G is often referred to as the dual group of S. It can be itself equipped 
with a Poisson-Lie bracket {., .}g inducing onQ* = B the correct Lie algebra 
structure Lie{B). 

2.2 Poisson-Lie symmetry 

The concept of the Poisson-Lie symmetry of a symplectic manifold M was 

introduced by Scmenov-Tian-Shansky [15] . Traditionally, it concerns the 
action of a Poisson-Lie group G on M such that the smooth map Gx M M 
is Poisson. Certain Poisson-Lie symmetries have moment maps /j, : M ^ B, 
where B is the dual Poisson-Lie group. Let Um be the Poisson bivector 
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corresponding to the symplectic structure on M, let be the right-invariant 
Maurer-Cartan form on B and let < ., . > denote the canonical pairing 
between Lie{B) and Lie{G). Then the moment map // is characterized by 
the property that the vector field nM(-, A** < Pb, U >) E Vect{M) generates 
the infinitesimal action of the element U e Lie{G) on M. We have the 
following lemma: 

Lemma 1 : Let the action G x M — M be the Poisson-Lie symmetry with 
the moment map jj, : M ^ B and let : Fun{B) — > Vect{M) be a map 
defined as 

w^(y) = UM(.,i^*(l)^{y)). 

Then is anti-homomorphism of the Lie algebras Fun{B) and Vect{M). 

Proof : Let x,y be in Fun{B). We know that the right-invariant l-forms 
and (f)^{y) can be seen as the elements of Lie{G), denote them as U 
and V ^ respectively. Then the statement of the Lemma follows from Eq. (2c) 
and from the property of the moment map stated above. 

In this paper, we shall advocate a different approach to Poisson-Lie symmetry 
and we take the statement of the Lemma 1 as a definition. Thus we propose 

Definition 1 : Let M be a symplectic manifold whose algebra of smooth 
functions Fun{M) is equipped with a Poisson bracket {.,.}. Let S be a 
Poisson-Lie group and let : M — > S be a smooth map. To every function 
y e Fun{B) we can associate a vector field w^ly) e Vect{M) as follows: 

My)f = {f,l^*(y')}l^*{S(y")), y e Fun(B),fe Fun(M). (3) 

We say that /j, realizes the Poisson-Lie symmetry of M if the map is an 
anti-homomorphism of the Lie algebras Fun{B) and Vect{M). If, more- 
over, the map ^ is Poisson, we say that the symmetry is equivariant or 
non-anomalous. 

# 

Explanations: If /i realizes the Poisson-Lie symmetry of M, the opposite Lie 
algebra of the image Jm(w^) of the map is a Lie algebra that will be 
denoted as ^. If the action of the Lie algebra ^ on M can be hfted to the 
action of a connected Lie group G (such that Lie{G) = Q) we speak about 
global Poisson-Lie symmetry. G will be then referred to as the symmetry 
group of (M, ii) and B as the cosymmetry group. Note that G acts on M and 
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B underlies the way how this action is expressed via the Poisson brackets. If 
there is distinguished (evolution) vector field v G Vect{M) leaving invariant 
/m(/i*), we say that the dynamical system (M, {., .}, v) is (G, S)-Poisson-Lie 
symmetric (cf. [11]). We also note that y G Fun{B) can be interpreted as a 
non-Abelian (or Poisson-Lie) Hamiltonian of the vector field w^{y). The fact 
that is anti-homomorphism just implies a nice formula [w ^{x) , w ^{y)] = 
—Wi^{{x, |/}_b). If the group B is Abelian then A{x) = l<S)x + x<^l and (3) 
is nothing but the standard Hamiltonian formula w^{y)f = {/, ii*{y)}. Thus 
the Poisson-Lie symmetry becomes the standard Hamiltonian symmetry if 
the cosymmetry group B is Abelian. 

Let us note also that the Definition 1 can be reformulated by using the 
Maurer-Cartan form pB and thus avoiding to refer to the coproduct on 
Fun{B) (this essentially amounts to replace dy'S{y") by < ps, V >). There 
are two reasons that we choose the formulation that uses the coproduct and 
the antipode. First one is not directly related to this paper, but is impor- 
tant in general in perspective of quantization. Indeed, for the definition of 
the Hopf symmetry the notions of coproduct and antipode are indispensable 
already at the level of basic definition and the close relationship between the 
Poisson-Lie and Hopf symmetry thus becomes more transparent. The second 
reason is more practical. In fact, the notation using the coproduct and the 
antipode is technically more convenient in elaborating and formulating proofs 
of the theorems presented in the paper. 

Remark : Our definition of the Poisson-Lie symmetry and the traditional one 
are close cousins but they are not quite identical. For example, a traditional 
symmetry must admit a moment map in order to be the symmetry in the 
new sense and the newly defined symmetry must be global in order to be 
traditional. The main reason why we shall use the new definition is its use- 
fulness for treatment of anomalies which cause obstructions for gauging the 
Poisson-Lie symmetries. The traditional definition does not see the differ- 
ence between anomalous and non-anomalous cases while the new definition 
gives the very simply criterion to distinguish them. In what follows, we shall 
work exclusively with the new definition and we hope to convince the reader 
about its naturaleness and usefulness. 

Lemma 2 : Every Poisson map p : M ^ B realizes the Poisson-Lie symmetry 
of M. 
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Proof : First remind that the map /i : M — > i? is a Poisson morphism iff the 
dual map /x* : Fun{B) — > Fun(M) satisfies 

{pi*{x),pL*{y)} = pi*{{x, y}B): x,ye Fun{B). (4) 

Now we take x,y E Fun{B) and calculate 

[wi,{y),Wf,{x)]f = 

{{L^i*ix')}^^*iSix''))},^^*iy')}^^%Siy''))-{{f,^^^^^^^^ 

= {f,^J'*{{x,y}'B)}^^*{S{{x,y}B)) =w^{{x,y}B)f 

Going from the second to the third line we have used the Jacobi identity and 
the fact that x'S{x") is a number (the counit of x). We have passed from 
the third to the fourth hne by using (l),(2ab) and (4). 

2.3 Anomalous realizations 

The Poisson-Lie symmetry can be realized also by a map : M — > S which 
is not the Poisson morphism. If this happens we speak about the anomalous 
Poisson-Lie symmetry and we call ^ the anomalous moment map. Anoma- 
lous moment maps naturally arise by twisting the Hcisenberg doubles. The 
detailed exposition of this fact will be our following subject. 

Definition 2 : Let D be an even-dimensional Lie group equipped with a max- 
imally Lorentzian bi-invariant metric. If Lie{D) = Lie{G) + Lie{B), where 
G and B are maximally isotropic subgroups, D is called the Drinfeld double 
of G or the Drinfeld double of B. Let k be a metric preserving automorphism 
of D and suppose that there are respective basis and ti {i — 1, of 
Q — Lie{G) and B — Lie{B) such that 

iT\t,)v = S}. (5) 

Then the (basis independent) expression 

{A, f2}n ^ V?./i - V^(,^)/i V^(r.)/2, /i, /2 e Fun{D) (6) 



10 



is a Poisson bracket and the Poisson manifold {D, {., .}d) is called the twisted 
Heisenberg double. 

Theorem 1 : Let D he a twisted Heisenberg double which is also decompos- 
able, i.e. such that two global unambiguous decompositions hold: D = 
n{B)G and D = n{G)B. Consider (smooth) maps K^^Kr : D ^ B, 
EjijEl : D ^ G respectively induced by these two decompositions. Then it 
holds: 

a) The Poisson manifold {D, {., is symplectic. 

b) Both maps and A^j realize the global (anomalous) Poisson-Lie symme- 
tries of the symplectic manifold {D, {., The corresponding symmetry 
group is G acting as 

h>K^K(h)K, heG, KeD, (7a) 

or, respectively, as 

h>K^Kh-\ heG, KeD. (7b) 

Explanations : The symbol -i- stands for the direct sum of vector spaces only 
and not of Lie algebras. Bi-invariant means both left- and right- invariant. 
The non-degenerated bi-invariant metric on D obviously induces an Ad- 
invariant non-degenerated bilinear form .)x> onT> = Lie{D). An isotropic 
submanifold of D is such that the induced metric on it vanishes. Maximally 
isotropic means that it is not contained in any bigger isotropic submanifold. 
The vector fields V^'^ are defined as 

where / e Fun{D), K e D,T e Lie{D). Global unambiguous decomposition 
D — k{B)G means that for every element K e D it exists a unique g — 
'^r{K) e G and a unique b — A.l{K) e B such that K = K{b)g^^. Similarly 
for D = k{G)B: it exists a unique g = 'El{K) e G and a unique b = 
Aji{K) e B such that K = K,{g)b~^. The fact that the formula (6) defines 
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the Poisson bracket was proved by Semenov-Tian-Shansky in [16] and, for 
completeness, we shall outline here his argument: 

Consider a (basis independent) element c &V ®V given by 

It is easy to see that the Arf-invariance and K-invariance of the bilinear form 
(., .)x> implies the Ad-invariance and K-invariance of c. Thus the bracket (6) 
can be rewritten as 

^RR^RR^L L ^ L L 

{/l, /2}d = 2^Tifl^tif2-2^tifl^Tif2+-^^K{Ti)fl^K{ti)f2- 

Note that in this bracket appear two elements oiV AV given by 

It can be shown by direct calculation that the algebraic Schouten brackets 
[^'v-i'r'v]s (cf- [9], Eqs. (4.36-39) ) gives an invariant element of /\^V and, 
moreover, [r^,'r^]s= Vv-i^v]s- Those facts imply that the Semenov-Tian- 
Shansky bracket (6) satisfies the Jacobi identity. 

Let us finish the Explanations by saying that the list of decomposable doubles 
is not very long. The typical examples are the cotangent bundle T*G of any 
Lie group G, the complexification G'^ of a compact (loop) group G and 
certain Drinfeld twists of two first items. Nevertheless, the independent 
theorem dealing with decomposable doubles is useful for two reasons. First 
of them is the range of applicability: many resoluble quantum theories have 
compact (quantum) group symmetry and in this or other way are based 
on the short list of decomposable doubles. The other reason is that the 
notion of the Poisson-Lie symmetry is traditionally globally defined and the 
decomposable doubles lead to global Poisson-Lie symmetry. Let us stress, 
however, that the local Poisson-Lie symmetries must be considered equally 
seriously (for instance the conformal symmetry in field theory is only local 
but physically relevant). This is the reason that we devote the section 3.3 to 
non-decomposable doubles where the number of examples is very big. 

Proof of Theorem 1: 
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a): Consider a point K E D and four linear subspaces of the tangent space 
TkD defined as Sl = Lk*G, Sr = Rk*k,{G), Sl = Lk*B and Sr = Rk*k,{B). 
(The symbols L^^ and Rk* stand for left and right transport on the group 
D, respectively). The existence of the global decompositions D = k(B)G 
and D = k{G)B means that at every K E D the tangent space T^D can 
be decomposed as T^D = Sl + Sr and T^D = Sl + Sr, respectively. This 
fact makes possible to introduce a projector 11^;^^ on Sr with a kernel Sl 
and a projector Hir on Sr with a kernel Sl- At every point K & D we can 
therefore define a following 2-form u 

o;(i,«) = (t,(n^^-n^»^, (8) 

where t,u are arbitrary vectors in Tj^D and (., .)x) is the bi-invariant metric 
at the point K (it is related by the left or right transport of the Ad-invariant 
bilinear form (., .)x> defined at the unit element E e D). Let us show that u; 
is the symplectic form corresponding to the Poisson structure {., .}d- First 
of all we remark that the Poisson bivector (=contravariant antisymmetric 
tensor) corresponding to the Poisson bracket {-, -Id reads 

a = Lk*{T' (8) ti) - RkMU) (8) k{T)). (9) 

Introduce two more projectors H^^, Hil^ where the first subscript stands for 
the kernel and the second for the image. Then we conclude 

a{.,u;{.,u)) = 

= LK*T'{LK*ti: O^LR - ^lMv - RK*l^{ti){RK*l^{T) , (H^^ - TI^r)u)-d = 
= (nZL - ^RRm-LR - ^Ltt)u = U. (10) 

Proof of b) and c) Consider a bracket {■,-}b on the cosymmetry group B 
given by 

{x,y}B{h) = -{T\Ad,T^)v{Vlx){h){Vly){h), beB, x,y e Fun{B). 

(11) 

It was shown in Proposition 4.5. of [9] that {., .}b is the Poisson-Lie bracket 
on B. We shall prove that 

{A*L{x),Al{y)}n^All^{x,y}B-Mi^Vf^xVf^y^, x,y e Fun{B), (12a) 



13 



{A^(x),A^(|/)},, = A^({a:,|/}B-M^,VjxVgy), x,y e Fun{B), (126) 

where the constant antisymmetric matrix M*-' is given by 

M, = Q,p-\ {P,\^ = {k{U),T%, Q'^ = {k{T),T%. (13) 

We note that the non-degeneracy of .)v and also the global decomposabil- 
ities D — k{B)G — k{G)B guarantee that both matrices and P^-i are 
invertible. 

In order to calculate the bracket {A2(x), A2(y)}D, we use the defining formula 
(6). We first reahze that 

V^.kl{x) = (^)^^^a;(A4Xe^^')) = (14) 

and then we write 

{h-l{x)Al{y)}D = -V^(,,)A2(x)V^(^.)Al(y) = 

= -(^) x(A4e-«(*^)X))f-^) y{Ki^{e^^<^')K)) = 

V 051/51=0 \dS2J S2=0 

= -A*( «V,»(^)^^_^t/(A^(e-''(^')«(A^(X)))) = 

= -Al( ^V,»(^)^^^|/(A^(«;[A^(X)exp(.Az^(i^)rAaii'))])). (15) 
We note that 

KI\K)TKl{K) = {Kl\K)TKL{K),tk)vT'' + {Kl\K)TKL{K),T%tk. 
This identity permits to rewrite the r.h.s. of (15) as the sum of two terms 

{Kl{x),Kl{y)}D = V, + V2, 

where 

V, = -{A-^\K)TALiK),T%Al{ ^V,»Ai( ^Vji/) = Al{{x,y}B) 
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and 

-A2(^Vf»(^)^^^y(A^(«:[A^(ir)exp(.T'=)])) = -AI( ^V2a;)A2( «Vf.|/). 
The element r'^ e B is defined by the D — k{B)G decomposition 

k{T^) = «;(t^) + c^ c*^ e 
From this it is easy to find that 

where the matrix M« was introduced in (13). Putting all together, we arrive 
at 

{Al{x),Al{y)}o = Al[{x,y}B - M'^ ^V,> ^4 

which is nothing but (12a). The identity (12b) can be proved in a similar way. 
We note also that our notation has distinguished the invariant derivatives 
on Fun{D) and on Fun{B) (the derivatives on Fun{B) where denoted as 
Byii,L-j -y^g ghall uot make this distinction in what follows and we let the 
reader to understand from the context on which space V^'^ act. 

In case where the twisting automorphism is trivial (i.e. k. is identity), the 
anomaly matrices M^, M^-i vanish and A^^r : D ^ B are the Poisson maps. 
Prom Lemma 2 it then follows that A^^r : D ^ B realize the Poisson-Lie 
symmetries of D. Let us show now that in the case of non-trivial twisting 
the maps Aj^ /j : D ^ B also realize the Poisson-Lie symmetries although 
they are not Poisson morphisms. For this, we first remind the definition (3) 
of the map : Fun{B) Vect{D): 

^A.(^)/ = {fAl{x')}DK*L{S{x'% X e Fun{B), f e Fun{D). 

We calculate 

= {{f,^l{x')}DAl{S{x'%Al{y')}nAl{S{y'')) - {x ^ y) = 
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= {{/, AlM}MI(yO}MI(^(xVO)+{/, AI(^')}z.{AI('5(^'')), A2(?/')}i.A2('5(/)) 

-(x ^ y) = 

= {/,{A2(xO,Ai(yO}i.}i.A2(5(xYO)-{/,A^(xV)}i.{A2(5(x''),Al(5(/))}i.- 

Now we use the formula (12a) and the Poisson-Lie property (1) of the bracket 
{., .}b to obtain 

[wA^{y),WA^{x)]f = 
= {fAl{W,y'}B)}DAl{S{x"y")) - {f,Al{x'y')}uAl{{S{x"),S{y")}B)+ 

-M'J ({/, AliV^^x'Vf^y')}nAUSix'Y))-{f, AI(xy)}^Al(Vj5(x") V,^-5(/))) 

The last line of this expression vanishes due to following identities 

{^?,y')S{y")+yVp{y") = Vj(y'5(/)) = 0, 

{Vfy^/)S{x") + V^x'Vpix") = Vf^iV^x' S{x")) = 
and (using (6)) 

{fAl{Vf/)}nAl{S{x")) + {fAl{x')}nAl{VlS{x")) = 

= VV.)/A2((VjV,>')^(.^") + Vlx'Vpix")) = 0. 
Now we use the Poisson-Lie properties (1),(2) to arrive at 

[wA^{y),WA^{x)\f ^ 
= {LAl{{x\y'}B)}DAl{S{x'Y)) + {f,Al{x'y')}DAl{S{{x"y}B)) = 

= WA^{{x,y}B)f- 

According to the Definition 1, the map A^, thus reahzes the Poisson-Lie 
symmetry of D. 

Much in the same way, we obtain also 

[wAR{y),WA^ix)]f = WAi,{{x,y}B)f, 

where 

^A«(^)/ = {f,AR{x')}DAUS{x")), X e FuniB),fe Fun{D). 
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Having established that both maps wa^j^^'Ah '■ Fun{B) Vect{D) are Lie 
algebra homomorphisms (i.e. that both A^, A^j : D ^ B realize Poisson-Lie 
symmetries) , it remains to find what are the corresponding symmetry groups. 
We use (6) and (0) to obtain 

WKMf = {/, Ai(i/')}AI(5(/)) = y]^^T^)fm^b'W)) = SuiyMiT^)f- 

(16a) 

We remind that St- is the £-derivative (cf. Sec. 2.1) hence StXv) is a real 
number for every i. It therefore follows that Im{w{^j^ — k{Q) and we have 
proved (7a). Similarly, we obtain 

which proves (7b). 

# 

3 Non-anomalous moment maps 

Non-anomalous Poisson-Lie symmetries play very important role in the sym- 
plectic geometry since they permit to perform the so called symplectic reduc- 
tion (or "gauging" in the terminology of physicists). However, given a decom- 
posable twisted Heisenberg double (Z^, k), the basic moment maps A^, Kr are 
generically anomalous and cannot be gauged. Indeed, the anomaly matrices 
M^-' , M*-Li vanish only in the case where the twisting automorphism k pre- 
serves the symmetry group G (cf. (13)). In this section, we shall look for 
other moment maps (distinct from A^, K^) which would allow us to gauge 
{D,k). It turns out, that the existence of the non-anomalous Poisson-Lie 
moment maps associated to the twisted Heisenberg double heavily depend 
on the details of the structure of (D, k). In the three following subsections, 
we shall discuss three interesting cases, where the non-anomalous moment 
maps can be constructed. Wc shall keep the exposition of the two first cases 
(a quasi-adjoint action and a proper subsymmetry) in an abstract level since 
the concrete examples will be discussed in the subsequent Section 4. How- 
ever, we shall illustrate the third case (an improper subsymmetry) already 
in this Section 3, since later we shall not consider it anymore. 
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3.1 Quasi- adjoint action 



In this subsection, we shall consider the decomposable twisted Heisenberg 
doubles for which the twisting automorphism k preserves the cosymmetry 
group B. We have the following theorem: 

Theorem 2 : Let D be a decomposable twisted Heisenberg double such that 
the twisting automorphism k preserves the subgroup B. Consider the anoma- 
lous moment maps IVl^Kr and construct two new maps B^ . D ^ B and 
Br : D ^ B as follows 



BLiK) = k{Al{K))Ar{K), Br{K) = ti-\AR{K))AL{K), K e D. 



Then it holds: Both maps Bl and Br are Poisson and they realize global 
non-anomalous Poisson-Lie symmetries of {D, {., The corresponding 

symmetry group is G acting as 



Proof : Consider two functions x,y e Fun{B). We know already that it holds 



{Al{x),Al{y)}n^Al(^{x,y}B-Mi^^V^^xV^.y^, x,y e Fun{B), (12a) 
{A^(a;),A^(y)}z. = Ai({x,t/}B-M^,VjxVgy), x,y e Fun{B), (126) 



where the Poisson-Lie bracket {-, -Is and matrices M^, M^-i were defined in 
(11) and in (13), respectively. Introduce maps Vl: D ^ B, Tr: D ^ B hy 



h>K^ K{h)KER{K[hAL{K)]), heG, K e D, 



or, respectively, as 



-1 



heG, K eD. 



i^{Al{K)), Vr{K) 



k-\Ar{K)), KeD 



hence Bl — FlAr and Br — FrAl- We shall now prove that 



{ri{x),Tl{y)}n = ri(^{x,y}B + Mll,Vi:^xV^.y^, x,y e Fun{B), (17a) 



18 



{r^(x),r^(|/)}^ = r;,({x,t/}s + M^V,>V,>), x,yeFun{B). (176) 



First we remark that 

{V^.Kl{x)){K) = (^)^^^x((A4Xe^^'))) =0, K&D, 

Thus, using the fundamental definition (6), we obtain 
and 



{r^{x)XR{y)}D 
d_ 



X 



s=0 



R 



d 

ds 

= r^,(^(rV-i(r)6,T^)x,Vga;V^-i(,^)2/j = 
{b-^T%,T%-{T\K-\T^))v{bT^b-\ti)v{T\K-\trn))v 

= r^j({a;,y}s + M^Vja;V,>). (176) 

We note that 6 e S in this formula denotes the argument of functions in 
Fun{B). Similarly, we can prove that 



{Afl(^),ri(y)}zp = 



and 



{r2(x),r2(y)}zp = r*({x,y}B + M^,V,>V,>), x,yeFun{B), (17a) 
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Now we calculate 

{Bl{x),Bliy)}n = {F* (x')Ai^(x"), T* (y')A«(/)}i. = 

= {r2(x'),r2(yO}A«(a:")AK(i/") + ri(x')ri(y'){Ai?(:r"),Ai^(/)} = 

ri({x',y'}B + M^,V,>X>')A«(x")A«(/)+ 
+ri{x')ri{y')A*^(^{x",y"}s - M^.V^V Vg/) = 

= Bl(^{x,y}B + M^.VjxV^.i/ - M^.VjxVgi/), (18a) 
Similarly, we obtain 

{BUx),BUy)}D = B*^({x,y}B + M^VjxV,> - M^VjxVgy). (186) 

The reader may be surprised by the presence of the anomaly matrices M^, 
M^-i in the resulting formulas (18a) and (18b). Didn't we promise that the 
moment maps Bl, Br realize non-anomalous Poisson-Lie symmetries? Well, 
the point is the following: If the twisting automorphism k preserves the 
cosymmetry group B then there are three natural Poisson-Lie brackets on 
Fun{B). The first one is evident; it is given by the formula (11) of Section 
2.3: 

{x,y}B{h)^-{T\Ad,T^)v{Vlx){h){Vly){h), beB, x,y e Fun{B). 
The second and the third bracket are defined by 

{x,y}^(6) = -(«:(r), A4«:(r'))i,(V^(,,)x)(6)(V5,,)y)(6), (19a) 

{x,yr^-\b) = -(«:-i(r),A4«:-^(T'=))^(V^-.(,^)x)(6)(V^-i(,^)l/)(6). (196) 

It is easy to understand why the brackets (19a) and (19b) verify the Jacobi 
identity and the Poisson-Lie property (1). It is because they appear on 
the same footing as the original bracket (11). Indeed, the double D is not 
only the double of the pair of groups G and B, but it is also the double 
of the pair k,{G) and k.{B) = B and of the pair k~^{G) and k,~^{B) = B. 
Each of the three pairs generate the respective basis T^,ti; k,{T^) , K,{ti) and 
K~^{T^), K~^{ti), all three basis sharing the crucial duality property (5). 
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The brackets (19a) and (19b) can be worked out in the basis ti instead of 
K{ti) or K~^{ti). We use obvious identities 

K{f) = (/^(f),r-)^i^, K-\f) - (/^-i(f),r-)^i„ 

and we find 

{x, vYb = {x, y}B + M^, V,>V,> - M^V^xVf^y, 

{x, y}%' = {x, y}B + M'JVlxV^.y - VjxVgy. 
This permits us to rewrite (18a) and (18b) as 

{Bl{x),Bl{y)}u^Bl{{x,yrB). 

{Si(x),S^(y)}^ = B^({x,y}^-^). 

We thus conclude that the moment maps Bl and Br are indeed non- 
anomalous with respect to the Poisson-Lie brackets (19a) and (19b). 

Every Poisson-Lie moment map n generates the action of the Lie algebra Q 
and, in good cases, this ^-action can be lifted to the action of the symmetry 
group G. Let us now show that the moment maps Bl, Br are those "good" 
cases yielding the global non-anomalous Poisson-Lie symmetries. The follow- 
ing exposition uses some standard conventions concerning the Hopf algebra 
calculations (see [8]), namely, the repeated application of the coproduct is 
written as 

{A® Id® Id){A (g) Id)A{x) = x' ® x" O x'" O x"", x e Fun{B). 

The reader has certainly noticed that this is the generalization of the Sweedler 
notation introduced in Section 2.1. 

Consider first a set of functions x^ e Fun{B) which is dual to the basis ti of 
B — Lie{B), i.e. it holds 

where St^ are the £-derivatives. We denote by k{x^) the functions on B of the 
form 

K{x'){h) = x\K(b)), heB. 
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We are going to make explicit the basic map Wbj^ '■ Fun{B) — >■ Vect{D) 
expressing the action of Lie{G) on / G Fun{D) (cf. (3)). 

WBA>^-\x^))f = {f,Bl{K-\{x^)'))}Bl{S{K-\{xr))) = 

{/,r2(«:-^((x7))A;,(«:-^((xO"))}r2(5(«:-^((xO""))))A«('5(«^-'((^0'"))) = 

= V^.)/ - {TL{K)tuVl\K), K{r))vV^,f = 

Similarly, we obtain 

ws,{^{x'))f = {f,BU^{{xy))}B*^{S{K{{xr)) = 

Note that K & D stands for the argument of the functions from Fun{D). 

The Lie algebra ^-actions can be hfted to the group G-actions. The cor- 
responding formulae can be written in a compact form by using the maps 
defined by the global decompositions D = k{G)B and D = k{B)G. On the 
top of the maps Al,Ar : D ^ B we have also the maps El,'^r : D ^ G 
respectively defined as K ^ K{ELiK))AR\K) and K = k{Al{K))E^\K), 
K e D. The actions oi G on D via the vector fields and 
WBjiii^ix^)) is then respectively lifted to the G-actions as follows 

h\>K ^ K{h)KER{K[hAL{K)]), heG,KeD, (20a) 

ht>K = K[El\A^\K)h-^)]Kh-\ heG,KeD. (206) 
It is easy to verify that, in both cases, it holds: 

(/ii/i2) > K ^ hi> {h2> K). 

In particular, when the cosymmetry group B is Abelian, the G-actions in- 
duced by the moment maps Bl and Bji coincide and give nothing but the 
twisted adjoint action of G on D (i.e. h> K — K,{h)Kh~^, h E G, K e D). 
This fact, that will be proved in Section 4, justifies our terminology "quasi- 
adjoint" action for the case of non-Abelian cosymmetry groups. 
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3.2 Proper subsymmetry 



In the case of the standard Hamiltonian symmetry, every subgroup H of the 
symmetry group G also reahzes the Hamihonian symmetry. In the general 
Poisson-Lie context (anomalous or not), such statement is generically false. A 
natural question then arises: which subgroups of G are themselves Poisson- 
Lie symmetry groups? We are going to answer this question and we also 
determine the corresponding moment maps. 

Theorem 3 : Let D be a decomposable twisted Heisenberg double, k an au- 
tomorphism of D preserving B and N a normal subgroup of B. Denote 
by C the factor group B/N, by p the natural homomorphism B ^ C and 
by Pk : Lie{D) Lie{B) a projector on Lie{B) with kernel K,{Lie{G)). 
Suppose that the Hopf subalgebra p*{Fun{C)) of Fun{B) is also a Pois- 
son subalgebra. Then it holds: The composed map = p o Aji realizes 
Poisson-Lie symmetry of D and the corresponding symmetry group H is the 
subgroup of G. If, moreover, P^{Lie{H)) C Lie{N) then the moment map 
i/R is non-anomalous. 

Proof: The Poisson-Lie bracket on Fun{B) naturally induces the Poisson- 
Lie bracket on Fun{C) because p*{Fun{C)) is the Poisson subalgebra of 
Fun{B). Thus 

{p*{u),p*{v)}b = p*i{u, v}c), u,ve Fun{C). 

Now define 

w,^{u)f = {/, iy*R{^')}Diy*R{Sc{u")), u e Fun{C), f e Fun{D) 
and calculate 

w,,i{u,v}c) = {f,^UM'c)}DiyUSc{{u,v}c)) = 

= {/,A^({p*H,p*(t;)}^)}^A^,(5s({p*H,p*(t^)}'A)) = 
^wa^{{p*{u),p*{v)}b) = [wA^{p*{u)),WA^{p*{v))] = [w^^{u),w^^{v)]. 
Here we have used the obvious fact that 
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This fact also directly implies, that H is the subgroup of G. 

Let us see how the Lie algebra Lie{H) of H is located in the Lie algebra 
Lie{D) of the double D. Choose a vector subspace V C Lie{B) that is 
complement to Lie{N) (i.e. Lie{B) = Lie{N) + V). We can certainly 
pick a basis ti — {t^,ti) such that e Lie{N) and tj E V and complete 
(t^, tj) by the dual basis (T\ T^) of Lie{G). From the duality property (5), it 
follows that T"s span V-^ and T^'s span Lie{N)-^ (the superscript _L means 
"perpendicular " in the sense of the bilinear form (., .)x).) We recall the 
formula (16b) 

If y is in p*{Fun{C)), then dtXv) = ^-^d we thus obtain 

«;A«(i/)/ = -5t,(y)Vf./. 

This means that Lie{H) is spanned by T^''s only, or, in other words, Lie{H) — 
Lie{N)^. 

Since the twisting automorphism k preserves the cosymmetry group B the 
anomaly matrix M*-Li (cf. (13)) can be rewritten as 

M^i = {r,K{T"^)MK{t^),T^)r> = {PJ'\T%. (21) 
Now we pick u,v E Fun{C) and, by using (12b) and (21), we calculate 

{^m.^m}D = {Ah(p*h),a^^(p*(^))}d = 

= A*^{{p*{u),p*{v)}s - Mt-.Vlp*{u)Vlp*{v)) = 

= A-r{p*{Mc) - {P.T^,T^)vVfy{u)Vf^p\v)). 

The transition from the second to the third line is justified by the fact that 
Vfy{u) = Vf^p*{v) = (Note that a = {a, A), b = {P,B).) Since both 
T^'s and T^'s are in Lie(H) = Lie(N)^, we have {P^T^,T^)v = 0. Hence 
we conclude that the moment map vr is non-anomalous: 
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# 

Remark : We have worked out the subsymmetry story for the right moment 
map Ar. Obviously, there is an analogous "left story" for which the con- 
clusions are the same: a subgroup H <Z G acting from the left (in the 
K-twisted way) is the subsymmetry subgroup if Lie{H) = Lie{N)-^ where 
Lie{N) is the ideal in the cosymmctry Lie algebra Lie{B). If, moreover, 
Pf^{Lie{H)) C Lie{N) then the i^-subsymmctry is non-anomalous. We 
should also remark, that from two conditions [Lie{B) , Lie{N)] C Lie{N) 
and Pf^{Lie{H)) C Lie{N) only the second one is our original result. The 
first one was already identified in [15, 3] for the non-twisted Heisenberg dou- 
bles. 

3.3 Improper subsymmetry 

In this subsection, we partially release the condition of the decomposability 
of twisted Heisenberg doubles in the sense that we shall keep the unicity of 
the decomposition but not the globality. Thus denote 0^, the set of elements 
K e D ior which it exists & g E G and & b E B such that K — K,{b)g~^. In 
the same way, denote by Or the set of elements K E D for which it exists 
a, g E G and a b E B such that K = K,{g)b^^. Suppose, moreover, that the 
respective decompositions k{B)G and k{G)B on Ol and Or are unique. 

In the non-twisted case n = Id, it was shown in [1] that the lack of 
global decomposability has unpleasant consequences. Namely, the funda- 
mental Semenov-Tian-Shansky Poisson structure (6) is no longer symplectic 
and, therefore, the Poisson manifold {D, {., .}/)) cannot play the role of the 
phase-space of any dynamical system. It turns out, however, that out from 
the Poisson structure {., .}d one can construct symplectic submanifolds of D 
(called the symplectic leaves) which have the same dimension as D. In par- 
ticular, Alekseev and Malkin have proved in [1] that the intersection OlHOr 
is such symplectic leaf of {D, {., ■}d)- The result of Alekseev and Malkin can 
be generalized to the twisted case as the following Lemma states: 

Lemma 3 : 

Let {D, k) be a twisted Heisenberg double and M its submanifold defined 
as M = Ol n Or. Consider maps Kl : M ^ B, 'Er : M ^ G induced 
by the unambiguous decomposition M = k{B)G and maps : M — > G, 
Ar: M ^ B, induced by M = k{G)B (thus K = k{Al{K))Er\K) and 
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K = k{'El{K))A]^^ (K) for each K in M). Denote by re and the right- 
invariant Maurer-Cartan forms on G and B, respectively (e.g. if G is a matrix 
group ra — dgg"^) . Then a two-form ujm on M defined as 

u^M = ^(A^rs) ^ S* (rc))^ + ^(A^(rB) ^ ^n{rG))v (22) 

is symplectic and its inverse is the fundamental Poisson bivector (9) restricted 
to M. 

Proof : Choose a basis ti of B and T* of ^ fulfilling the duality relation 
{T\ tj)-!) = Sj. The form ujm can be then rewritten as 

= ^(A2(rB),T% A {El{rG),k)v + i(A^(rs),T% A {EUrG),U)r>. 

Denote by < ., . > the pairing between forms and vectors and recall the def- 
inition of the projectors H^^, H^^, Hj^i, from the proof of the Theorem 
1. Then we have 

< (A2(rB), T%, t >= {RkMT'), IlLRt)v, (23a) 

< {El{rG),ti)v,t>^ {RK*K{U),Uijit)'p, (236) 

< {AUrB),T%, t >= -{Lk.T\ Uj,it)v, (23c) 

< {E*j,{rG), U)j,, t >= -{LKJi, Il^Lt)v, (23d) 

where i is a vector at a point K oi M C D. Let us show how to demonstrate 
(23abcd) on the example (23a). Due to the dccomposability M = k{B)G, 
the vectors Lk*T\ RK*K{ti) form the basis of the tangent space TkM. Thus 
it is sufficient to prove (23a) for t being one of the elements of the basis of 
TkM. For t = Lk*T\ it is obvious that the r.h.s. of (23a) vanishes. On the 
other hand, knowing that h.L{Ke^'^^) — Al{K), we can evaluate the l.h.s.: 

< {Al{rB),T%,LK.T^ >=< {rB,T%,AULK*T^) >= 0. 

For t — RK*K>{tj), the r.h.s. of (23a) gives 

{RkMT'), Il^RRKMti))v = {RkMT'), RKMtj)h = ^i- 
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On the other hand, knowing that AL^e^*^^^^^ K) = e^^^AiiK), we can evaluate 
the Lh.s.: 

< {Al{rB),T%,RKMtj) >=< {rB,T%,AURKMtj) >= 

By using the relations (23abcd), we can evaluate the form ujm on any two 
vectors t,u E T^M in terms of the projectors: 

UM{t,u) = ]^{RK*l^{T''),Tlj^^t)v{RK*l^{ti),Tllj^u)v 

— {RkMT'), U^ru)v{Rk*k{U), ^LR^h 

1 . 1 . 

1111 

By realizing that it holds 

{t, Uij^u)v = (n-Rit, Uij^u)v = (n-Rit, u)v, 

we finally arrive at 

From the equation (10), we know that the form uim is invertible and its 
inverse is nothing but the Semenov-Tian-Shansky Poisson tensor (9) re- 
stricted to M. Prom this it also follows that ujm is closed hence symplectic. 

It is certainly a good news to have the symplectic submanifold M of D, 
since it allows us to construct dynamical systems also for globally non- 
decomposable twisted Heisenberg doubles. On the other hand, it is a much 
less good news to remark that nothing guarantees that the group G still acts 
on M. In fact, it turns out, generically, that the submanifold M of -D is 
not invariant under the left or right action of G on D, therefore G cannot 
play the role of the symmetry group. It may happen, however, that there is 



27 



a subgroup H of G which docs preserve the sub manifold M and which has 
the property that H = J\f'^, where J\f is an ideal in B. We have then the 
following lemma 

Lemma 4 : Let iJ be a subgroup of G preserving the submanifold M = 
Ol n Or. We suppose moreover that 7i = jV-*-, where J\f is the ideal of B. 
Then there exists a moment map u : M ^ B realizing the global {H,C)- 
Poisson-Lie symmetry of M. 

Proof : For concreteness, wc speak about the right action of G on D. Sitting 
on M, we construct the map : Fun{B) Vect{M) by using the formula 
(3): 

^Aniy)f = {f:^Uy')}M^*R{S{y")): y e Fun{B)Je Fun{M). 
For every y e Fun{B), we have obviously 

V^(ToA«(2/) = 0. 

Since the Poisson bivector on M is given by Eq.(9), we thus obtain 

WA^f = V?,/vJa^(i/')Ar(^(/)) = -V^JAUC^tyW)) = -5tM^^^f- 

It follows that the Lie algebra ^ of G does act M, however, because we have 
supposed it, this action cannot be lifted to the action of G itself. Similarly 
as in the demonstration of Theorem 3, we thus observe that for vr = po Ar 
the following is true 

{/, ^*r{'u')}mi^*r{S{u")) = -5tAp*{u))V^jf, u e Fun{C), f e Fun{M). 

Recall that T^'s span the Lie algebra H — M-^ therefore vr is indeed the 

moment map realizing the action of Ti on M . This action can be obviously 
lifted to the action of the group H on M, since we have supposed that M is 
i7-invariant. 

# 

Remark : 

In the case of the non-decomposable Heisenberg doubles of the type just 
described we cannot speak about the proper subsymmetry since G does not 
act on M, therefore we speak about the improper subsymmetry. 
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Now it is time for an example. Consider a group SL{3, R) (consisting of real 
3 X 3-matrices of unit determinant) and denote by sl{3,R) its Lie algebra 
(consisting of real traceless 3 x 3-matrices) . The direct product D — sZ(3, R) x 
SL{3, R) can be equipped with the group structure as follows: 

{X,9)ix,9) = {X + AdgZgg), x,x e s/(3,i?), g,geSl{3,R), 

{x,9)~' = {-Adg-ix,g-'). 

The Lie algebra T> oi D is formed by pairs of elements of sl{3, R) written as 
® q; with the commutator 

[0 e a, -0 © /?] = ([0, P] + [a, V']) © P]- 

There is a natural bi-invariant metric on D induced from an invariant bilinear 
form (., .)x> onV = Lie{D): 

(0 © a, -0 © P)v = Tr{(l)(3) + Triijja), a, e sl(3, R). 

The twisting automorphism k is defined by 

<X:9)-{-X^:{9-Y): 

where T stands for matrix transposition. In order to estabhsh that {D, k) 
is indeed a twisted Heisenberg double, we have to identify two maximally 
isotropic subgroups. Here they are 



G^{{x,9)&D;x^0}, 



B = \^{x,9)^D;x 




X 



3+ 
/2+ 



X 

-x" + x^ J 



:9 



/ 62^^ — ee2^*x^ 
1 

V 



e 2^ 



where s, , , X''^) X > X ^ coordinates on B and £ is a parameter. 

For the basis of T>, we may choose 

T^" = © ii", = © ^, t^^2H® {-eE^+), t^^2K® 0, 



= © T^' = © E^-, tj+ = E^- © 0, tj 



E^- 



0, J = 1,2, 



29 



y3^ 
where 



© ^3+, T^- = © E^-, t3+ = E^- © eH, tg. = q, 
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It is easy to verify that it holds 
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{ti, tj)v = 0, (^^ T% = 0, (^^ = 5], i = <, >, i±, 2±, 3 ± . 

The commutation relations of Q = Span{T'^) are evidently those of the Lie 
algebra sl{3, R). It is important for us to give the complete hst of (non-zero) 
commutators of B = Span{ti). Thus we have 

[^<l,^l+] = £t2-, [t<i,t2+] = —£ti-, [t3+,t3_] = £^3-, [t3+,t<|] = et<i, 

r 1 1 

[t3+,tj±\ = T-i^tj±, J = 1,2 

Let us choose a (nilpotent) subalgebra 7i of Q = s/(3, R) spanned by T^~^. 
Thus the only non-zero commutator is 

It is easy to find C B such that H — jV"*-: we have 

J\f = Span{t<i,tf^,tj-), j = 1,2,3. 

It is the matter of direct check to verify that Af is indeed an ideal in B. There- 
fore the (Heisenberg) group H consisting of upper-triangular real matrices 
with units on the diagonal is a good candidate for the Poisson-Lie subsymme- 
try. The corresponding cosymmetry group C has Lie algebra C = B/M and, 
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by slightly abusing the notation, we can denote its basis by tj+, j = 1,2,3. 
The non-zero commutators of C read 

[h+,tj+] = ~etj+, j = 1,2. 

The cosymmetry group C can be most easily described in the dual way. 
Denote the coordinate fonctions as , j = 1, 2, 3. The coproduct reads 

the antipode 

-5(^3) = -^3, SiQ^-ei%, j = l,2 

and the counit 

e(0) = 0, j = 1,2,3. 
The dual map p* : FuniC) — > Fun{B) reads 

The Poisson-Lie bracket on Fun{C) comes from that on Fun{B), which, in 
turn, is given by (11). The result of the computation reads 

{e,e}c^l{i-e-^^'), {e^e}c = o, ^ = 1,2. 

We observe that both symmetry group H and the cosymmetry group C are 
non-Abelian. 

Let us now show that the {H, C)-Poisson-Lie subsymmetry is in fact im- 
proper. In order to see this, we first notice that the Heisenberg double D is 
non-decomposable since e.g. the element 

cannot be written as K{h)g''^ for some b & B and g & G. 
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It is easy to identify the manifold M = Ol H Or. We find 

M = e D- TriJLE^-) > Tr{jRE^+) < (24) 

where we have defined the sl{3, i?)-valued functions Jl, Jr on D as 

Jl{x, g) = X, Jnix, g) = -^dg-ix- 

The symplectic form on M can be computed from the exphcit expression 
(22). The result of calculation is as follows 

uum = -^Tr{dJR A Ig) + ^Tr{dJL A rG) + 

e TrjdJLH) A TrjdJLE^-) _ e Tr(dJRH) A Tr(dJRE^+) 
~2 1 + eTr(JLE^-) 2 1 - eTr{jRE^+) ' 

Note that the left and right-invariant Maurer-Cartan forms Iq, tq can be 
written also as g~^dg, dgg~^ since G = SL{3, R) is the matrix group. The 
explicit expression of the symplectic form Um is quite illuminating in the sense 
that it explains why the constraints Tt^JlE^') > — -, Tt^JrE^^) < - in 
(24) had to be imposed. It is now the matter of direct inspection to find 
that the right action of the group H on D and the left action of k,{H) on D 
preserve, respectively, the symplectic manifold M = OlH Or. The {H,C)- 
Poisson-Lie symmetry of (M, cum) is therefore established. 



4 2x-deformed WZW model and its gauging 

We begin this section by introducing a particular example of the deforma- 
tion of the WZW model which was not discussed in [9, 10, 11]. Then we 
shall perform the symplectic reduction of this w-deformed WZW model with 
respect to a non-anomalous quasi-adjoint action submoment map which is a 
sort of combination of the moment maps constructed in Sees. 3.1 and 3.2. 
Finally, we shall argue why this quasi- adjoint symplectic reduction can be 
interpreted as the gauging of the deformed WZW model. 



32 



4.1 The u- deformation of the WZW model 



It was conjectured in [9] and explained in detail in [11] that the standard 
WZW model [17] on a compact Lie group K is a dynamical system whose 
phase space can be identified with certain (decomposable) twisted Heisenberg 
double of a loop group LK. Moreover, the symplectic form of the WZW 
model is just the inverse of the fundamental Semenov-Tian-Shansky Poisson 
bivector (9). The basic idea of the article [9] can be rephrased as follows: 
since the loop group LK may possess several different twisted Heisenberg 
doubles {D,K,), it makes sense to consider the dynamical system based on 
each of {D, k) as a sort of generalized WZW model. The (twisted Heisenberg) 
double of the standard WZW model is distinguished among all other doubles 
of the loop group LK by the fact that the cosymmetry group B is Abelian. 
This circumstance is reflected by the fact that the standard WZW model 
has the ordinary Hamiltonian symmetry structure. On the other hand, the 
generalized WZW models have necessarily non- Abelian cosymmetry groups 
therefore their symmetry structure must be genuinely Poisson-Lie. Some 
generalized WZW models form naturally families parametrized by one or 
several parameters. Suppose we investigate such a family. If for a particular 
value of the parameters the corresponding generalized WZW model becomes 
the standard WZW model, we call the other members of this family the 
deformed WZW models. 

Let us now describe a particular family of the deformed WZW models, which 
was not discussed in [9, 10, 11]. Thus K be a connected simple compact Lie 
group whose Lie algebra /C is equipped with a non-degenerate ^Id-invariant 
bilinear form {■, ■)ic ■ Let LK be the group of smooth maps from a circle 
into K (the group law is given by pointwise multiplication) and deflne a 
natural non-degenerate Ad-invariant bilinear form (.[.) on LJC = Lie{LK) by 
the following formula 

{a\P) = ^ r da{a{a),P{a)),c, (25) 

As the twisted Heisenberg double D, we take the semidirect product of the 
loop group LK with its Lie algebra L/C. Thus the group multiplication law 
on D reads 

{x,9)- ix, g) = {x + Adgx, gg), g e LK, x e Lie, (26a) 
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{x,g)-'^{-Adg-.X,9-'), (266) 
and the Lie algebra VolD has the structure of semidirect sum V — LK, ® L/C 

[0 © a, © /9] = ([0, P] + [a, V^], [«, /5]). 

Here E L/C are in the first and q;,/3 G L/C in the second composant of 
the semidirect sum. The bi-invariant metric on D comes from Arf-invariant 
bihnear form (., .)x> on Lie(D) = V defined with the help of (25): 

(0 © a, © (3)v = (01/3) + {ip\a). 

The metric preserving automorphism k of the group D reads 

f^ix, g) = {X + kd„99~^, g), (26c) 
where k is an (integer) parameter. The maximally isotropic subgroups are 

G={{x,g)eD;x = 0}, (27a) 

^ = {(x,5)e A^^e'^W}, (276) 

where -u is a certain map from L/C to the Cartan subalgebra T of L/C. Let 
us now explain the construction of the map u: The group K is naturally 
embedded in LK as the subgroup consisting of constant loops. The maximal 
torus T of X is therefore the (Abehan) subgroup of LK and we call T = 
Lie{T) the Cartan subalgebra of L/C. Since we have the inner product (25) 
on L/C we can define the orthogonal projector Vo '■ LK, — > T. Let U : T ^ T 
be a skew-symmetric linear operator, i.e. it holds 

{Ua,b)!c^-{a,Ub)!c, a,beT. (28) 

We then define 

u^U oVq. 

It is easy to see that 

u{x) + u{x) ^u(x + e"(>^)xe-"(^)) , X, X e L/C, 

hence the set B defined by (27b) is indeed the subgroup of D. Moreover, the 
condition (28) implies the isotropy oi B in D. 
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It is a simple task to establish the decompositions D = k{G)B and D = 
k{B)G. Indeed, we have for every g G LK, x G L/C 

{X,9) = (A;a,^r',^e"^-'^^)(-e-"(-'^)jfle"(-^«),e-"(-^«)) = ( Jl, e"(-^^)).(0, e'^^-^^)^), 
where L/C- valued functions Jl, Jr on D are defined as 

Jl{x, g) = X, Jr{x, g) = -^dg-^x + kg-^d^g. (29a) 
Thus we can identify the moment maps h.L,R : D ^ B, '^l,r . D ^ G: 

hL{x,g) = {JL,e<'-^), KR{x,g) = {JR,e<'-^), (296) 

Sl(x,^) = ge<''^\ ^R{x,g) = g-'e<'-\ 

Now we use the formula (22) and write down the symplectic form uj^ of the 
li-deformed WZW model: 

111 1 
= -{dJLA\rLK) - ^{dJRA\lLK) + ^{u{dJL) A ^Jl) + ^{u{dJR) A {(Ur). 

(30) 

Here tlk = dgg ^ and Ilk = g ^dg stand for the right and the left-invariant 
Maurer-Cartan forms on the group manifold LK. 

The role of the deformation parameter is played by the linear operator U. 
Indeed, if C/ ^ the form a;„ can be rewritten as 

uJu=o = d{JL\rLK) + ^k{rLG A l^^rLc)- 

In the expression uJu=o, we can recognize the symplectic form of the standard 
WZW model (cf. [9, 5, 2]). We now complete the definition of the -u-deformed 
WZW model by saying that it is a dynamical system with the phase space 
D, with the symplectic form Uu and with the following Hamiltonian 

We note without giving proof that, in distinction to the g-deformation of the 
WZW model introduced in [9], the w-deformation does preserve the conformal 
symmetry. 
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Let us study the symmetry structure of the m-WZW modeL The group 
G = LK acts from the left as 

h > (X, g) = «((0, /i)).(x, g) = {kd.hh-^ + hxh-\ hg), h,geLK, L/C 
and also from the right 

{x,g)<h^{x,g){o,h-')^{x,gh-'). 

We know (by construction) that both these actions are Poisson-Lie sym- 
metries with the moment maps A^ ^^ given by (29b). Now we are going to 
evaluate the (anomalous) Poisson brackets (12ab) of the moment maps. First 
of all, we have to describe the structure of the cosymmetry group B in the 
dual language. The complexified algebra Fun^{B) is generated by (linear) 
functions F"'", F^''* defined as 

F"'"(x) = (£;"'"|x), F'^'"(x) - (^'^'"Ix), xeL/C. (32) 

Here E°'''" — E°'e'^""' and F" are the step generators of the complexified 
Lie algebra /C^. On the other hand, if^^'" = H^e''^'^ where H'^ are the 
(orthonormalized) Cartan generators fulfilling the relations 

where the coroot is defined as 

a"" ^ < a, HI" > H''. 

Obviously, i?'^'", n e Z is the basis of LK.^. The (non-Abehan) group 

law on B is encoded in the coproduct, the antipode and the counit on 
Fun'^{B). From the Eqs. (26), (27b) and (32), it is not difficult to find 
out: 

AF"'"" = F'''"®1+1®F'*'", SiF"'"") = -F'^'", £(F'''") = 0, £(F°'") = 0, 
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Because of the fact that = —Xi the operation of the complex conjugation 
f on Fun'^{B) is given by 

It can be then easily verified that 

This means that A, 5", £ descend from FuvP{B) to Fun^{B) making the 
latter the real commutative Hopf algebra dual to the real group B. 

The Poisson-Lie bracket on Fun^{B) can be obtained from the general for- 
mula (11): 

lap 

It is easy to verify, that the Poisson-Lie bracket on FuvP{B) verifies 

{fh /lis — {/l) /2}b, 

hence it defines also the Poisson-Lie bracket on the real group B. Now we 
are ready to evaluate the anomalous Poisson brackets (12ab). We start with 



and find 
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{ J^'™, = c«/3ja+/3,m+n _ ^ ^(ffM) >< ff/^ > J'^'^ f^'' (33a) 

{ J^'"^, J|'"}i3 = Jg+/3,m+n _ ^ ^^^^.-^ >< ff^ > jg'^^J^'" ; (336) 

{JL,Jil}D = 0. (33c) 

In the formulae above, we note the anomalous terms proportional to k. They 
correspond to the matrices M*-' and in (12a) and (12b), respectively. 

We remark, that the left and right brackets differ by the sign in front of 
k. This fact will be crucial for gauging the w-deformed WZW model in Sec 
4.3. We have also underlined the defomation terms containing U. Thus the 
relations (33a) or (33b) can be referred to as those of li-deformed Kac-Moody 
algebra. 

Knowing the symplectic structure of the u-deformed WZW models, we can 
compute other interesting Poisson brackets. The observables on D are func- 
tions of X G L/C and g G LK. Let as consider two functions (f){g),'i/j{g), which 
do not depend on x- Then we find directly from (6): 

{0(^), V(^)}d = VT.0(^)Vg(T.)^(^) - KiT.)H9)^TM9) , 

where T'^ = iH^ G T C /C. Note, that we have again underlined the u- 
deformation term (the corresponding bracket of the standard WZW model 
vanishes). Finally, we have 

{m,jr}D^^'H.,mci>{g), 

{<Pi9), JT]d = -Via,n0(g)+^ < a,U{H>^) > JT^U{9\ 
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4.2 Symplectic reduction: generalities 

The symplectic reduction is the method of construction of new symplectic 
manifolds out from old ones. The simplest way of explaining the method 
relies on the dual language which uses rather the algebra of functions Fun{M) 
on a symplectic manifold M than the manifold M itself. We note that the 
space Fun{M) is the Poisson algebra, i.e. the Lie algebra compatible with 
the structure of the (standard commutative point-wise) multiplication on 
Fun{M). The Lie commutator is nothing but the Poisson bracket {.,.}m 
corresponding to a symplectic structure ujm on M and the compatibility 
condition is given by the Leibniz rule: 

{/, ghjn = {/, 9}Mh + {/, h}Mg, f,9,he Fun{M). 

Let J be an ideal of the algebra Fun{M) with respect to the ordinary com- 
mutative multiplication on Fun{M) (typically, J is the ideal of functions 
vanishing on a submanifold C M). Let J be also the Poisson subalgebra 
of Fun{M), i.e. {J, J} C J. We can now construct a new Poisson algebra A 
defined as follows 

A^ifeFuniM); {/, J}m e J}. 

Note that the property {J, J} C J implies that J C A. By construction, 
J is not only the ordinary ideal of A but it is also the Poisson ideal, i.e. 
{A, J}m C J. Obviously, the factor algebra Ar = A/ J inherits the Poisson 
bracket from A hence it becomes itself the Poisson algebra. If J is the 
ideal of functions vanishing on a submanifold N C M, then the algebra 
Aj. is nothing but the Poisson algebra of functions corresponding to some 
symplectic manifold Mr- The manifold Mr together with its corresponding 
Poisson bracket {., .}r (or, equivalently, with its symplectic form uOr) is called 
the reduced symplectic manifold. If there is a Hamiltonian H on M such 
that H & A, its class in A/ J is denoted as ant it is referred to as the 
reduced Hamiltonian. 

The symplectic reduction is often put in relation with the actions of Lie 
groups on the non-reduced manifold M. It may even happen that the reader 
used to the group approach to the symplectic reduction did not recognize at 
first reading that his way of thinking about the reduction is just a particular 
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case of the general algebraic definition presented above. We believe that it 
is worth to elucidate this point not only for pedagogical reasons. In fact, 
the group-based symplectic reduction will turn out to be in the core of our 
gauging of the u-WZW model. We shall work in the general Poisson-Lie set- 
ting, the standard Hamiltonian symplectic reduction (cf. [14] and references 
therein) will be the special case of our discussion when the cosymmetry group 
B is Abelian. 

Suppose that there is a non- anomalous moment map n : M ^ B realizing the 
(G, 5) -Poisson-Lie symmetry of M (cf. the Definition 1 of Section 2.2). Due 
to the property (2b) of the Poisson-Lie bracket on Fun{B), we know that the 
kernel of the counit Ker{e) is the Poisson subalgebra of (Fun(i?), {., .}b). 
Since the moment map // is non-anomalous, the pull-back ^*{Ker{e)) is also 
the Poisson subalgebra of (FMn(M), {., .}m)- Thus the role of the ideal J 
from the general definition above is played by the ideal of Fun{M) gener- 
ated by iJ,*{Ker{e)).We denote it also by the letter J. In the situation just 
described, the resulting reduced symplectic manifold Mr (corresponding to 
the reduced Poisson algebra A/ J), can be easily "visualised". For this, let 
us suppose that the set P of points of M mapped by ji to the unit element 
e of the cosymmetry group B forms a smooth submanifold of M. It is not 
difficult to verify that the action of the symmetry group G (which is itself 
locally induced by the moment map /x) leaves P invariant. Let us moreover 
suppose that the G-action on P is free, or, in other words, that P is isomor- 
phic to a principal G-bundle. Then the basis P/ G of this G-fibration can be 
then identified with the reduced symplectic manifold Mr- The restriction of 
the symplectic form a; on P becomes degenerated and the degeneracy direc- 
tion of uj turn out to be nothing but the orbits of the gauge group G. Thus 
the symplectic form ujr is naturally induced from uj. Indeed, on each local 
trivialisation of the G-bundle P we can choose a slice. The restriction of u 
on the slice is the reduced symplectic form ujj.. 

A particularly good situation occurs when the G fibration of P is topologi- 
cally trivial. In this case, one can visualize the reduced symplectic manifold 
as the submanifold of P (and, hence, as the submanifold of the original sym- 
plectic manifold M). This can be done by choosing a global slice Qi = 0, 
where the functions Qi are in Fun{M). In the usual terminology, the func- 
tions Ji e ijL*{Ker{e)) C Fun{M) are called the first class constraints and 
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the functions Qi their complementary second class constraints. The reduced 
symplectic manifold Mr is now the common locus of all constraints Jj = 
and Qi — and the reduced symplectic form cUr is the pull-back of the non- 
reduced form cu to the submanifold M^. 

It is sometimes convenient to fix the gauge only partially. This means that it 
exists a slice — (the subscript 7 runs over a smaller set than the subscript 
i) which restricts the gauge freedom to some subgroup H C G. If we note by 
the letter L the common locus Jj = 0, = in M, the reduced symplectic 
manifold Mr can be identified with the coset space L/H. The interest in such 
partial gauge fixing will be evident in the studies of the symplectic structure 
of the standard gauged WZW model and of its deformations. Indeed, as 
we shall see in the following section, there exists the partial gauge fixing for 
which the manifold L has a very simple left-right chiral symmetric description 
and the residual gauge group H is finite dimensional, compact and Abelian. 

4.3 Symplectic reduction of the m-WZW model 

We start this section by remarking that the twisting automorphism k, given 
by (26c) not only preserves the cosymmetry group B described in (27b) but 
it leaves invariant every element of B. This means that we can safely apply 
the Theorem 2 of Sec. 3.1. which now states that the products AlA^ = Bl 
and ArAl = Br are both non- anomalous moment maps. We already know 
from the general theory that both Bl and Br realize the global Poisson- 
Lie symmetries of the twisted Heisenberg double {D, k) therefore, via their 
corresponding maps wbi^jWbh (cf. (3)), they induce the respective actions 
(20a), (20b) of the loop group G ^ LK on {D, k). 

Let us work, for concreteness, with the moment map Bl — AlAr. Recall 
the group multiplication law in B: 

{Xi.e<^^^).{X2.e<^-'^) = (xi + e"(^^)x2e-"(>^^),e"(>^^)+"(>^^)), xi,X2 e L/C. 

(34) 

The formula (34) together with Eqs. (29b) allow us to calculate the B*j^ r^ 
pull-backs of the basic functions from FwnP^B): 

BKF"^'') = (AiAij)*(F"'") = J^'" + e-<°'t^(^'')-^i ° J^'", 

5^(F"'") = (ArAl)*(F"'") = J^'" + e-<"'^(^'')-^«°J2'", 
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Now we are ready to make explicit the map wb^^ '■ Fun{B) Vect{D): 
WB^F'^nf = {f,Bl{{F'^n')}DBl{S{{F'^n")) = 

WBAF^nf = {f,Bl{{F^'^y)}nBUS{{F'^'y)) = 

= V^(^,,.„)/ - Vg„„/, feFun''{D). 

Recall that the symbol denotes the (complex) vector field on D 

corresponding to the Poisson-Lie Hamiltonian F°'" e FuvP{B). Similarly, 
we find 

WBAF'^nf ^ {f,BU{F^'^y)}DBUS{{F^'n")) = 
WB^F^f = {f,BUiFn')}DBUS{iF^n")) = 

It is the matter of easy check that the vector fields wbi^{F°'''^),wbi^{F^''^) 
and also wbp,{F'^''^),wbii{F'^'^) generate the actions of the Lie algebra LKP 
on Fun^{D). Moreover, it can be also seen that, by considering only the 
Poisson-Lie Hamiltonians from Fun^{B), these actions get restricted to the 
actions of L/C on Fun^^D). It is not difficult to lift the L/C actions just 
described to the LK actions. The resulting formulae are the special cases of 
the general formulae (20a) and (20b): 

h^{x.9) = >^mx.9)hl\ hL = e-<'^'-'^-'+^''^'^-'^he<'-\ h e LK, 

(35a) 

h > ix, g) = <hR){x. 9)h-\ hR = e-"('^-^«'^"-'^^'^'^")/ie"("^«), h e LK. 

(356) 

We notice that for ?7 ^ the cosymmetry group B becomes Abelian and the 
LK-actions (35a) and (35b) coincide and (as wc have promised to show in 
Section 3.1) they become identical to the twisted adjoint action h\> (x^d) = 
K{h){x,g)h-\ 
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Let T be a subset of the set of all positive roots of the Lie algebra KP . 
Consider a complex vector space S'^ defined as 

S'^ = Span{E'^, E'^, [E'', E'^]}, 7 e T. 

In the rest of this paper, we shall suppose that the subset T was chosen 
in such a way that the vector space is the Lie subalgebra of JC^ (as an 
example take the block diagonal embedding of 5/3 in 5/4). Obviously, the 
vector space 

Ts'' = Span{[E\E-^]}, ^eT 

is the Cartan subalgebra of S^. The complex Lie algebra has a natu- 
ral compact real form S consisting of the anti-Hermitean elements of S^. 
Consider the corresponding compact semi-simple group S and view it as the 
subgroup of K. We are now going to estabhsh the conditions on the operator 
U which will guarantee that the action of the loop group LS on D via (35a) 
or (35b) is the Poisson-Lie subsymmetry. 

Suppose that for all 7 e T, the operator [/ : T — > T fulfils the following 
condition 

(7o[/)(r/)=0, (36) 

where the subscript _L stands for the orthogonal complement with respect 
to the restriction of the Killing-Cartan form (., to T. It is then easy to 
verify that the set 

N^{(x,g)eD; g = e"W,xe5^} 

is the normal subgroup of B. Consider the algebra of complex functions on 
the group C = B/N. As we have learned in Section 3.2, FuvP{C) can be 
injected by the map p* into FuvP{B). (Note that p* is the dual map to the 
projection homomorphism p : B B /C .) It is easy to see that p*{Fun^{C)) 
is spanned by the functions F"''"', F"'"^ where 7 G T and G Ts. The 
normality of the subgroup N implies that the vector space p*{Fun^{C)) 
is in fact the Hopf subalgebra of Fun^{B). By using the explicit form of 
the Poisson-Lie brackets on FuvP{B), it is straightforward to check that 
p* {FuvP iC)) is also the Poisson subalgebra of Fun^{B). It is moreover true 
that p*{Fun^{C)) is f-invariant hence we conclude that p* [Fun{C) is the 
Poisson subalgebra of Fun{B). All that means that we can use the Theorem 
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3 of Section 3.2 to conclude that the action of the loop group LS on D 
via (35ab) is the Poisson-Lie subsymmetry. Our next goal is to gauge this 
(non-anomalous) subsymmetry, or, in other words, to perform the symplectic 
reduction with respect to it. 

Consider the L5'-subsymmetry moment map = p o B^, where p is the 
projection homomorphism from B to C — B/N. The first step of the re- 
duction procedure consists in identification of the submanifold Pl <Z D such 
that every point p e Pj, is mapped by C^, to the unit element of the group 
C . It is easy to see that 

PL^{pe D- jrip) + e-<^'^(^"')>^^:'°(^) jr (p) = 0, jr (p) + jr(p) = o}, 

where 7 e ±T and u is such that H" e 7^. In physicists' terminology, the 
expressions 

J7,n ^ ^-<j,U{Hn>Jl-° JJ,n ^ ju,n ^ ju,n ^ q ^^r^^ 

are the first class constraints since it is not difficult to verify that the Pois- 
son brackets of the constraints among themselves as well as those of the 
Hamiltonian (31) with the constraints vanish on the constrained surface Pl- 

Now the M-deformed WZW symplectic form a;„ restricted to Pl becomes 
degenerated in the directions of the action of LS on Pl. As we already 
know from Section 4.2, the reduced symplectic manifold Mr can be identified 
with the coset space Pl/LS. We now perform a partial gauge fixing (cf. 
the general discussion in Section 4.2) which will lead to very elegant left- 
right symmetric chiral description of the symplectic structure of the reduced 
symplectic manifold Mr- For this, we first study the action of LS on D given 
by the formula (35a). By using the formula (7a), we rewrite it as follows 

st>{x, 9) = isxs-'+kd„ss-\ sgsl'), sl = e-<'^^'~'+^^''~'he''^^^\ s G LK. 

(38) 

It is convenient to decompose X as -|- Xpi where Xs £ LS ans Xp ^ LS^. 
We thus see from Eq. (38) that Xs and Xp do not mix under the action of s. 
We know that every Xs can be brought by some s to an element of the finite 
dimensional Cartan subalgebra Tg (cf. [9], Theorem 3.6). Having in mind 
the definition (29a) of Jl, this leads to the following natural shce on D: 

J2'" = 0, 7 e ±T, n e Z, (39a) 
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J^'" = 0, n e Z, n 7^ 0, (396) 

where v is such that G Ts- This shce is partial (it corresponds to the 
shce = in the general discussion of Sec. 4.2). Indeed, the residual gauge 
group H is the normalizer of the Cartan subalgebra Tg and, as the discussion 
before the Theorem 3.6 of [9] imphes, the finite-dimensional Cartan torus T5 
is the normal subgroup of H . (In fact H/Ts is nothing but the affine Weyl 
group of LS). The constraints (37) and (39) can be now rewritten in a 



t/-independent way as 

J2'" = 0, JY" = 0, 7 e ±T, n e Z, (40a) 

J^'" = 0, 4'" = 0, n e Z, n 7^ 0. (406) 

Jf + 4'° = 0, (40c) 



where v is such that G Ts- The constraints (40) define the sub manifold 
L a D and the reduced symplectic manifold Mr can be identified with the 
space of cosets L/H. 

The similar discussion can be performed also with the moment map Cr — 
p o Br. The first class constrained manifold Pr is 

P« = {p e D- JTip) + e-<^'^(^^)>^«°(^) jr (P) = 0, JTip) + JTip) = 0}, 

(41) 

where n G Z, 7 G ±T and v is such that H'' G Ts- The partial slice on D is 

J^'" = 0, 7 G ±T, n G Z, (42a) 

J^'" = 0, n G Z, n ^ 0, (426) 

where v is such that G T^. The constrains (41) and (42) can also be 
rewritten in the ^/-independent way as 

J2'" = 0, J]{' = 0, 7 G ±T, n G Z, (43a) 

J^'" = 0, J]^'" = 0, n G Z, n 7^ 0. (436) 

Jf + J]^'° = 0, (43c) 

We thus see that the symplectic reduction based on the moment map -Br 
gives the same result as the one based on i?^. This happens inspite of the 
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fact that wci^ and induce the different actions of the gauge group LS 
on D. 

Our next task will be the description of the symplectic form uOr on M,.. Ac- 
tually, we shall describe the pull-back of the original Semenov-Tian-Shansky 
form uju on D to the submanifold L G D. We again use the Theorem 3.6 of 
[9] which permits us to parametrize the Heisenberg double D by means of 
two elements gL,gRoi LK and one element of the Weyl alcove Ak in the 
Cartan subalgebra 7^ C /C: 

{X,9) = «(0,^L)(/i,eLx)(0,^R)"^ = {gi^^gl^ + kd^9L9L\9L9R^)- (44) 

Here Clk is the unit element in LK. The Semenov-Tian-Shansky form oUu 
given by (30) gets rewritten in the new variables as follows 

k 1 
uju = -dil^lgR^dgn) + -{gR^dgn A \d{g^^dgR)) + -{u^dJn) A \dJR) + 

+d{ii\gl^dgL) - ^{gl'dgL A \d{gj:'dgL)) + ^(m(c?Jl) A \dJL), (45) 
where 

Jl = gLl^gl^ + kd^gLgl^, 

Jr = -gni^gR^ - kd^gngR^- 

Before giving the interpretation of the reduced symplectic manifold in terms 
of the deformed gauged WZW model, let us first study the residual gauge 
symmetries of the form uj^. We recall that the residual gauge group H is 
the normahzer of the Cartan algebra 7^. We can make it smaller by further 
gauge fixing. Thus we suppose that the variable Jl^(— —Jjf) takes values 
only in the Weyl alcove of T^. (We remind that the Weyl alcove is the 
fundamental domain of the action of the afiine Weyl group of LS on Ts). 
With this restriction the residual gauge group becomes just the Cartan torus 
Ts acting as 

ts > {gL, gn) = {tsgL, tsgR), ts e Ts. (46) 

Indeed, replacing gi^R by tsgL,R in (45), the form a;„ transforms as 

UJu ^ 0ju + d{JL + JR\ts^dts) = UJu, 
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since the term d{ JL + JB\t]^^dts) vanishes due to the constraint J]^' = 0. 

It is important to stress that the parametrization (44) of the double D via 
the variables n, ql, qr gave rise to another gauge symmetry of the form (D^ 
which is related to the ambiguity of the chiral decomposition (44). Indeed, 
if we pick arbitrary element tx from the Cartan torus Tk then it holds 

(X,^) = «(0,S'L)(/^,eLif)(0,g^ij)~^ ^ i^{^,gLtK){lJ',eLK){^,gRtK)~^. 

This means that the full residual gauge group of the form Cju is Ts x Tk 
acting as 

(^5, tx) > {ql, 9r) = {tsgitK, ts9RtK), ts G Ts, tx e Tk- 

The reader may find strange that we have somewhat artificially augmented 
the residual gauge symmetry of the Semenov-Tian-Shansky form a;„ by ex- 
pressing it in the new ambiguous variables ^,gL,gji. However, the benefit 
of this parametrization consists in the fact that in the form uju the vari- 
ables ql and get disentangled. The form uju is defined on the manifold 
LK X Ak X LK and its pull-back on D via the map (44) gives the Semenov- 
Tian-Shansky form uju- Obviously, it holds D = {LK x Ar x LK)/Tk- We 
conclude this section by an observation, that the Hamiltonian (31) of the 
■u-WZW model descends to the reduced Hamiltonian (cf. the general dis- 
cussion in Section 4.2). Thus our symplectic reduction has produced a new 
dynamical system (M^, uj^., H^) that will be interpreted in the next subsection 
as the deformed gauged WZW model. 

4.4 Interpretation 

The gauged WZW model is a dynamical system and its symplectic structure 
has been thoroughly investigated e.g. in Sec. 3.2 and in Appendix A of [7]. 
We report here Gawedzki's results in the language of the left-right movers, 
by considering maps m^, tur : R — > fulfilling 

{d(mL,Rml]R, S)k = 0, (47a) 

mL,R{i + 27r) = e-^mL,R(Oe^ , (476) 

where is in the Weyl alcove of Tk and v in the Weyl alcove of Ts- The 
symplectic form of the gauged WZW model is then given by the following 
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expression (cf. Eq. (A.l) of [7]) 



k k 
u^^^ = --{ml^drriL A \d^{ml^dmL)) + -{m'^dmR A \d^{rn^dmR)) 

-]^{{mL^dmL){Q) - rriLiOy^'^^mLiO), Adu)^ - ^{{dmLml^){0), Adu)^ 

+ ^ii^R^dmR){0) - mR(0)"^^^mi?(0), Aci/i)^: + ^((dmRm^^)(0), Adu)^. 

In writing the form cu^^^, we have switched from Gawcdzki's notations to 
ours (e.g. we have used (., .))c instead of Tr(., .) etc.), nevertheless cu^^^ still 
does not quite resemble our reduced form uju=o- In fact, we should note 
that Gawedzki's chiral movers are quasiperiodic (cf. (47b)) while we use the 
periodic fields gL,R{o')- Indeed, if we perform a transformation 

miAO = e"^^L,R(Oe^, 
the conditions (47) become 

{9L,Ri^9^R + kd„9L,R9llR - i^, 5)^ = 0, (48a) 

gL,R{^ + 2T:)^gL,R{i) (486) 
and the form u^/^ transforms to 

a;^/^-ci(Ai|^Z't^9L-5:^'t^5i?)-^(yZ'c?^LA|a(^:^M^z,))+^(^^^(i^flA|a(^^MyR)). 

(49) 

It is not difficult to find out that the form (49) coincides with the form c<j„=o 
given by (45) and the constraints (48a) are, respectively, the constraints (40). 

We observe that the symplectic reduction of the -u-WZW model for [/ = 
gives the standard gauged WZW model. Therefore, if wc switch on a non- 
trivial U , we interpret the reduced theory as the w-deformed gauged WZW 
model. 
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5 Conclusions and outlook 



In the present paper, we have presented a thorough discussion of the gauging 
of the deformed WZW models. After the general derivation of the quasi- 
adjoint actions (20a) and (20b), which are to be gauged in general case, we 
have worked out the w-deformed WZW model as an example. Moreover, in 
Sections 3.2 and 3.3, we have also introduced the moment maps p o A^^^ 
which can be used for deforming the procedure of the null gauging of the 
WZW models [4, 13] . 

The main open issue concerning the deformed WZW models is a quantization. 
Since we dispose of the rather exphcit description of the Poisson brackets of 
the deformed WZW models (cf. Section 4.1) it seems to be doable to identify 
the operator algebra of the quantum deformed model and also the unitary 
representations of this algebra. What seems to be more difficult, however, is 
to extract from the deformed WZW theories general axioms of the deformed 
vertex algebras. We find this problem exciting and we wish to deal with it 
in future. 
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